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Abstract

We show that a graph G has no houses and no holes if and only if
for every connected induced subgraph H of G and every vertex in H,
either the vertex is adjacent to all the other vertices in H, or it forms
a 2-pair of H with some other vertex in H. As a consequence, there
is a simple linear time algorithm to find a 2-pair in HH-free graphs.
We also note that the class of Meyniel graphs admits an analogous
characterization.
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In this note Pk refers to a chordless path on k vertices, hole refers to a
chordless cycle on five or more vertices, and antihole refers to the comple-
ment of a hole. A 2-pair in a graph is a pair of non-adjacent vertices x, y
such that every chordless path between x and y has exactly two edges; for
a connected graph this is equivalent to saying that deletion of N(x) ∩N(y)
leaves x and y in different connected components. A graph is weakly chordal
if neither the graph nor its complement contains any holes. It is well known
[8] that G is weakly chordal if and only if every induced subgraph H of G is
a clique or contains a 2-pair of H. Uses of 2-pairs in solving recognition and
optimization problems for weakly chordal graphs are discussed in [8, 1, 9].

The current fastest algorithm for finding a 2-pair in a graph runs in
O(n2.83) time [12], and it uses the theoretically fast matrix multiplication
algorithm of [3], making it relatively impractical. The motivation for this
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paper derives from the question of when 2-pairs can be found in graphs more
efficiently. Arikati and Rangan showed [1] that for a given vertex x, it is
possible to determine whether x forms a 2-pair with some other vertex in
linear time (and, if so, to find the vertex y which forms a 2-pair with x).
Therefore, it is natural to study graphs in which every vertex is part of a
2-pair; finding a 2-pair is particularly simple in such graphs.

A property is hereditary if whenever a graph has the property every
induced subgraph of the graph also has the property. The property “every
vertex is part of a 2-pair” is not hereditary. In fact, given an arbitrary
graph G, by adding vertex u and making u adjacent to every vertex of G,
and then adding vertices v and w such that w is adjacent only to v and v is
adjacent only to u and w, we obtain a graph in which every vertex is part
of a 2-pair. Therefore, every graph is an induced subgraph of some graph
with the property “every vertex is part of a 2-pair”.

For non-hereditary properties, the graph class defined by requiring every
induced subgraph of the graph to have the property is often more interesting
and better structured than the class defined by simply requiring the property
for just the graph itself. Some of the many classes of graphs defined in this
way are perfect graphs, in which the property “size of maximum clique
= chromatic number” is required to hold for every induced subgraph, and
domination graphs, in which the property “there exist vertices x, y such that
N(x) ⊆ N [y]” holds for every induced subgraph.

We define a graph G to be a hereditary all-2-pair graph if for every
connected induced subgraph H of G and every vertex v in H, either v is
adjacent to all the other vertices in H, or it forms a 2-pair of H with some
other vertex in H.

Some times, requiring a property to hold for all induced subgraphs seems
to make the recognition problem difficult for the class; the recognition prob-
lem for the class of domination graphs is open, while that for the class of
perfect graphs was solved [2] only recently. This note shows that G is a
hereditary all-2-pair graph if and only if G contains no houses and no holes;
a house is the graph isomorphic to the complement of P5. Graphs that con-
tain no houses and no holes, also referred to as HH-free graphs, have been
studied in [4, 5, 11] and can be recognized in O(n3) time. Also, Chvátal con-
jectured and Hayward proved [7] that the complements of HH-free graphs
are perfectly orderable.

Theorem 1 G is a HH-free graph if and only if G is a hereditary all-2-pair
graph.

Proof. In a hole, no vertex is adjacent to all the other vertices; also there
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is no 2-pair. There is a vertex in a house that is neither adjacent to all the
other vertices nor part of a 2-pair. Therefore, every hereditary all-2-pair
graph is HH-free.

Suppose that G is HH-free. Let H be a connected induced subgraph of
G. Eschen and Sritharan [6] showed that if a graph has no P5, no antiholes
on (k + 1) or fewer vertices, and x is any vertex that has at least an edge
incident on it, then x must be adjacent to a vertex y such that x and y are
not the endpoints of any P4, P5, . . . , Pk in the complement of the graph.

As H is HH-free, the complement of H has no P5 (as P5 is the com-
plement of a house) and no antiholes. It then follows from the fact stated
above that every vertex x of H is either adjacent to all the other vertices
in H or x has a non-neighbor y such that x and y are not the endpoints of
any P4, P5, . . . , Pr in H, where r is the number of vertices in H; the latter
implies that every chordless path between x and y in H has exactly two
edges making x and y a 2-pair in H. 2

We next note that the class of Meyniel graphs admits a characterization
analogous to Theorem 1. A graph is Meyniel [13] if every odd cycle with
at least five vertices in the graph has at least two chords. An even-pair in
a graph is a pair of non-adjacent vertices such that every chordless path
between the two vertices has an even number of edges. Meyniel, who intro-
duced this class of graphs, also showed [13] that every Meyniel graph is a
clique or contains an even-pair.

Let an odd-building be a graph isomorphic to an odd cycle on at least
five vertices with just one chord where the chord makes a triangle with two
consecutive edges on the cycle. In this sense, a house is an odd-building
on five vertices. It is easy to see that a graph is Meyniel if and only if the
graph contains neither a hole on an odd number of vertices nor an odd-
building. We define a graph G to be a hereditary all-even-pair graph if for
every connected induced subgraph H of G and every vertex v in H, either v
is adjacent to all the other vertices in H, or it forms an even-pair of H with
some other vertex in H. We have the following:

Theorem 2 G is a Meyniel graph if and only if G is a hereditary all-even-
pair graph.

Proof. In a hole on an odd number of vertices, no vertex is adjacent to all
the other vertices; also, there is no even-pair. In an odd-building, there is a
vertex that is neither adjacent to all the other vertices nor part of an even-
pair. Therefore, every hereditary all-even-pair graph is a Meyniel graph.

Suppose G is a Meyniel graph. Let H be a connected induced subgraph
of G. That for every vertex x of H, either x is adjacent to all the other
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vertices in H, or it forms an even-pair of H with some other vertex in H is
implied by the following result due to Hertz [10]: if x is a vertex in a Meyniel
graph such that x is not adjacent to all the other vertices, and among all
non-neighbors of x, vertex y has the most neighbors in common with x, then
x and y form an even-pair. 2

The similarity between Theorem 1 and Theorem 2 is interesting in view
of the fact that HH-free graphs are precisely those Meyniel graphs that are
also weakly chordal.

We conclude with some open problems. It is known [14] that a Meyniel
graph, and hence a HH-free graph, can be optimally colored in O(n2) time.
Since the complement of a HH-free graph is weakly chordal, the current
best algorithms for weakly chordal graphs [9] can be used to optimally color
complements of HH-free graphs in O(mn) time. Hayward’s result [7] that
the complement of every HH-free graph is perfectly orderable implies that if
we are given a perfect order of the vertices, then the complement of a HH-
free graph can be colored in linear time; but the proof in [7] yields an O(n5)
algorithm to find such an ordering of the vertices. We pose the problem
of constructing the perfect order of the complement of a HH-free graph in
better time than O(mn).
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